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THE FIRST INITIAL BOUNDARY VALUE PROBLEM FOR
HESSIAN EQUATIONS OF PARABOLIC TYPE ON
RIEMANNIAN MANIFOLDS
WEISONG DONG AND HEMING JIAO
Abstract. In this paper, we are concerned with the first initial boundary
value problem for a class of fully nonlinear parabolic equations on Riemannian
manifolds. As usual, the establishment of the a priori C2 estimates is our
main part. Based on these estimates, the existence of classical solutions is
proved under conditions which are nearly optimal.
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1. Introduction
In this paper, we study the Hessian equations of parabolic type of the form
(1.1) f(λ(∇2u+ χ),−ut) = ψ(x, t)
in MT =M × (0, T ] ⊂M × R satisfying the boundary condition
(1.2) u = ϕ on PMT ,
where (M, g) is a compact Riemannian manifold of dimension n ≥ 2 with smooth
boundary ∂M and M¯ :=M ∪∂M , PMT = BMT ∪SMT is the parabolic boundary
of MT with BMT = M × {0} and SMT = ∂M × [0, T ], f is a symmetric smooth
function of n + 1 variables defined in an open convex symmetric cone Γ ⊂ Rn+1
with vertex at the origin and
Γn+1 ≡ {λ ∈ Rn+1 : each component λi > 0, 1 ≤ i ≤ n+ 1} ⊆ Γ,
∇2u denotes the Hessian of u(x, t) with respect to x ∈M , ut = ∂u∂t is the derivative
of u(x, t) with respect to t ∈ [0, T ], χ is a smooth (0, 2) tensor on M¯ and λ(∇2u+
χ) = (λ̂1, . . . , λ̂n) denotes the eigenvalues of ∇2u+ χ with respect to the metric g.
As in [4] (see [9] also), we assume that f satisfies the following structural condi-
tions:
(1.3) fi ≡ ∂f
∂λi
> 0 in Γ, 1 ≤ i ≤ n+ 1,
(1.4) f is concave in Γ
and
(1.5) δψ,f ≡ inf
M
ψ − sup
∂Γ
f > 0, where sup
∂Γ
f ≡ sup
λ0∈∂Γ
lim sup
λ→λ0
f(λ).
We mean an admissible function by u ∈ C2(MT ) satisfying (λ(∇2u+χ),−ut) ∈ Γ
in MT , where C
k(MT ) denotes the space of functions defined on MT which are
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k-times continuously differentiable with respect to x ∈ M and [k/2]-times contin-
uously differentiable with respect to t ∈ (0, T ] and [k/2] is the largest integer not
greater than k/2. We note that (1.1) is parabolic for admissible solutions (see [4]).
We first recall the following notations
|u|Ck(MT ) =
∑
|β|+2r≤k
sup
MT
|∇βDrtu|,
|u|Ck+α(MT ) = |u|Ck(MT )
+ sup
|β|+2r=k
sup
(x, s), (y, t) ∈MT
(x, s) 6= (y, t)
|∇βDrtu(x, s)−∇βDrtu(y, t)|(
|x− y|+ |s− t|1/2
)α
and Ck+α(MT ) denotes the subspace of C
k(MT ) defined by
Ck+α(MT ) := {u ∈ Ck(MT ) : |u|Ck+α(MT ) <∞}.
In the current paper, we are interested in the existence of admissible solutions
to (1.1)-(1.2). The key step is to establish the a priori C2 estimates. Using the
methods from [10], where Guan studied the elliptic counterpart of (1.1):
(1.6) f(λ(∇2u+ χ)) = ψ(x)
in M satisfying the Dirichlet boundary condition, we are able to obtain these esti-
mates under nearly minimal restrictions on f .
Our main results are stated in the following theorem.
Theorem 1.1. Suppose that ψ ∈ C∞(MT ), ϕ ∈ C∞(PMT ) for 0 < T ≤ ∞,
(1.7) (λ(∇2ϕ(x, 0) + χ(x)),−ϕt(x, 0)) ∈ Γ for all x ∈M
and
(1.8) f(λ(∇2ϕ(x, 0) + χ(x)),−ϕt(x, 0)) = ψ(x, 0) for all x ∈ ∂M.
In addition to (1.3)-(1.5), assume that
(1.9) fj(λ) ≥ ν0
(
1 +
n+1∑
i=1
fi(λ)
)
for any λ ∈ Γ with λj < 0,
for some positive constant ν0,
(1.10)
n+1∑
i=1
fiλi ≥ −K0
n+1∑
i=1
fi, ∀λ ∈ Γ
for some K0 ≥ 0 and that there exists an admissible subsolution u ∈ C2(MT )
satisfying
(1.11)

f(λ(∇2u+ χ),−ut) ≥ψ(x, t) in MT ,
u =ϕ on SMT ,
u ≤ϕ on BMT .
Then there exists a unique admissible solution u ∈ C∞(MT ) of (1.1)-(1.2).
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Remark 1.2. Condition (1.9) is only used to derive the gradient estimates as many
authors, see [21], [14], [8], [20], [23] and [27] for examples.
Condition (1.10) is used in the estimates for both |∇u| and |ut|. We will see that
in the gradient estimates, condition (1.10) can be weakened by
(1.12)
n+1∑
i=1
fiλi ≥ −K0
(
1 +
n+1∑
i=1
fi
)
, ∀λ ∈ Γ.
As in [10], the existence of u is useful to construct some barrier functions which
are crucial to our estimates.
The most typical examples of f satisfying the conditions in Theorem 1.1 are
f = σ
1/k
k and f = (σk/σl)
1/(k−l), 1 ≤ l < k ≤ n+ 1, defined in the G˚arding cone
Γk = {λ ∈ Rn+1 : σj(λ) > 0, j = 1, . . . , k},
where σk are the elementary symmetric functions
σk(λ) =
∑
i1<...<ik
λi1 . . . λik , k = 1, . . . , n+ 1.
When f = σ
1/(n+1)
n+1 , equation (1.1) can be written as the parabolic Monge-
Ampe`re equation:
(1.13) − ut det(∇2u+ χ) = ψn+1,
which was introduced by Krylov in [17] when χ = 0 in Euclidean space. Our
motivation to study (1.1) is from their natural connection to the deformation of
surfaces by some curvature functions. For example, equation (1.13) plays a key role
in the study of contraction of surfaces by Gauss-Kronecker curvature (see Firey [6]
and Tso [25]). For the study of more general curvature flows, the reader is referred
to [1], [2], [15], [22] and their references. (1.13) is also relevant to a maximum
principle for parabolic equations (see Tso [26]).
In [21], Lieberman studied the first initial-boundary value problem of equation
(1.1) when χ ≡ 0 and ψ may depend on u and ∇u in a bounded domain Ω ⊂
R
n+1 under various conditions. Jiao and Sui [16] considered the parabolic Hessian
equation of the form
(1.14) f(λ(∇2u+ χ))− ut = ψ(x, t)
on Riemannian manifolds using techniques from [10] and [11] where the authors
studied the corresponding elliptic equations. Guan, Shi and Sui [13] extended the
work of [16] using the idea of [10]; they also treated the parabolic equation of the
form
(1.15) f(λ(∇2u+ χ)) = eut+ψ.
Applying the methods of [9], Bao and Dong [3] solved (1.1)-(1.2) under an additional
condition which is introduced in [9] (see [11] also)
(1.16) Tλ ∩ ∂Γσ is a nonempty compact set, ∀λ ∈ Γ and sup∂Γ f < σ < f(λ),
where ∂Γσ = {λ ∈ Γ : f(λ) = σ} is the boundary of Γσ = {λ ∈ Γ : f(λ) > σ} and
Tλ denote the tangent plane at λ of ∂Γ
f(λ), for σ > sup∂Γ f and λ ∈ Γ. The reader
is referred to [19], [27], [8], [9], [10], [11], [12] and their references for the study of
elliptic Hessian equations on manifolds.
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We can prove the short time existence as Theorem 15.9 in [21]. So without of
loss of generality, we may assume
(1.17) f(λ(∇2ϕ(x, 0) + χ(x)),−ϕt(x, 0)) = ψ(x, 0) for all x ∈M.
As usual, the main part of this paper is to derive the a priori C2 estimates. We
see that (1.1) is uniformly parabolic after establishing the C2 estimates by (1.3)
and (1.5). The C2,α estimates can be obtained by applying Evans-Krylov theorem
(see [5] and [18]). Finally Theorem 1.1 can be proved as Theorem 15.9 of [21].
The rest of this paper is organized as follows. In section 2, we introduce some
notations and useful lemmas. C1 estimates are derived in Section 3. An a priori
bound for |ut| is obtained in Section 4. Section 5 and Section 6 are devoted to the
global and boundary estimates for second order derivatives respectively.
2. Preliminaries
Let F be the function defined by F (A, τ) = f(λ(A), τ) for A ∈ Sn, τ ∈ R with
(λ(A), τ) ∈ Γ, where Sn is the set of n×n symmetric matrices. It was shown in [4]
that F is concave from (1.4). For simplicity we shall use the notations U = ∇2u+χ,
U = ∇2u+ χ and under an orthonormal local frame e1, . . . , en,
Uij ≡ U(ei, ej) = ∇iju+ χij , U ij ≡ U(ei, ej) = ∇iju+ χij .
Thus, (1.1) can be written in the form locally
(2.1) F (U,−ut) = f(λ(Uij),−ut) = ψ.
Let
F ij =
∂F
∂Aij
(U,−ut), F τ = ∂F
∂τ
(U,−ut)
F ij,kl =
∂2F
∂Aij∂Akl
(U,−ut), F ij,τ = ∂
2F
∂Aij∂τ
(U,−ut).
By (1.3) we see that F τ > 0 and {F ij} is positive definite. We shall also denote
the eigenvalues of {F ij} by f1, . . . , fn when there is no possible confusion. We note
that {Uij} and {F ij} can be diagnolized simultaneously and that
F ijUij =
∑
fiλ̂i, F
ijUikUkj =
∑
fiλ̂
2
i ,
where λ({Uij}) = (λ̂1, . . . , λ̂n).
Similarly to [10], we write
µ(x, t) =(λ(U (x, t)),−ut(x, t)),
λ(x, t) =(λ(U(x, t)),−ut(x, t))
and νλ ≡ Df(λ)/|Df(λ)| is the unit normal vector to the level hypersurface ∂Γf(λ)
for λ ∈ Γ. Since K ≡ {µ(x, t) : (x, t) ∈ MT } is a compact subset of Γ, there exist
uniform constants β ∈ (0, 1
2
√
n+1
) such that
(2.2) νµ(x,t) − 2β1 ∈ Γn+1, ∀(x, t) ∈MT .
where 1 = (1, · · · , 1) ∈ Rn+1 (see [10]).
We need the following Lemma which is proved in [10].
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Lemma 2.1. Suppose that |νµ − νλ| ≥ β. Then there exists a uniform constant
ε > 0 such that
(2.3)
n+1∑
i=1
fi(λ)(µi − λi) ≥ ε
(
1 +
n+1∑
i=1
fi(λ)
)
.
Define the linear operator L locally by
Lv = F ij∇ijv − F τvt, for v ∈ C2(MT ).
From Lemma 2.1 and Lemma 6.2 of [4] it is easy to derive that when |νµ(x,t) −
νλ(x,t)| ≥ β,
(2.4) L(u− u) ≥ ε
(
1 +
∑
F ii + F τ
)
.
If |νµ − νλ| < β, we have νλ − β1 ∈ Γn+1. It follows that
(2.5) fi ≥ β√
n+ 1
n+1∑
j=1
fj , ∀1 ≤ i ≤ n+ 1.
3. The C1 estimates
Since u is admissible and Γ ⊂ {λ ∈ Rn+1 : ∑n+1i=1 λi > 0}, we see that u is a
subsolution of
(3.1)
{
△h− ht + tr(χ) =0, in MT ,
h =ϕ, on PMT .
Let h be the solution of (3.1). It follows from the maximum principle that u ≤ u ≤ h
on MT . Therefore, we have
(3.2) sup
MT
|u|+ sup
PMT
|∇u| ≤ C.
For the global gradient estimates, we can prove the following theorem.
Theorem 3.1. Suppose that (1.3), (1.4), (1.9) and (1.12) hold. Let u ∈ C3(MT )
be an admissible solution of (1.1) in MT . Then
(3.3) sup
MT
|∇u| ≤ C(1 + sup
PMT
|∇u|),
where C depends on |ψ|C1(MT ), |u|C0(MT ) and other known data.
Proof. Set
W = sup
(x,t)∈MT
weφ,
where w = |∇u|
2
2 and φ is a function to be determined. It suffices to estimate
W and we may assume that W is achieved at (x0, t0) ∈ MT − PMT . Choose a
smooth orthonormal local frame e1, . . . , en about x0 such that ∇eiej = 0 at x0 and
U(x0, t0) is diagonal. We see that the function logw + φ attains its maximum at
(x0, t0). Therefore, at (x0, t0), we have
(3.4)
∇iw
w
+∇iφ = 0, for each i = 1, . . . , n,
(3.5)
wt
w
+ φt ≥ 0
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and
(3.6)
∇iiw
w
−
(∇iw
w
)2
+∇iiφ ≤ 0.
Differentiating the equation (1.1), we get
(3.7) F ii∇kUii − F τ∇kut = ∇kψ for k = 1, . . . , n
and
(3.8) F ii(Uii)t − F τutt = ψt.
Note that
(3.9) ∇iw = ∇ku∇iku, wt = ∇ku(∇ku)t, ∇iiw = (∇iku)2 +∇ku∇iiku
and that
(3.10) ∇ijku−∇jiku = Rlkij∇lu.
We have, by (3.5), (3.7), (3.9) and (3.10),
(3.11)
F ii∇iiw ≥∇kuF ii∇iiku
≥ − C|∇u| − C|∇u|2
∑
F ii + F τ∇ku∇kut
≥ − C|∇u| − C|∇u|2
∑
F ii − wF τφt,
provided |∇u| is sufficiently large. Combining (3.4), (3.6), (3.11), we obtain
(3.12) 0 ≥ − C|∇u| − C
∑
F ii − F ii(∇iφ)2 + Lφ.
Let φ = δv2, where v = u+ supMT |u|+ 1 and δ is a small positive constant to be
chosen. Thus, choosing δ sufficiently small such that 2δ − 4δ2v2 ≥ c0 > 0 for some
uniform constant c0, by (1.12),
(3.13)
Lφ− F ii(∇iφ)2 =2δv(F ii∇iiu− F τut) + (2δ − 4δ2v2)F ii(∇iu)2
≥ − Cδ
(
1 +
∑
F ii + F τ
)
+ c0F
ii(∇iu)2.
It follows from (3.12) and (3.13) that
(3.14) c0F
ii(∇iu)2 ≤ C
(
1 +
∑
F ii + F τ
)
,
provided |∇u| is sufficiently large. We may assume |∇u(x0, t0)| ≤ n∇1u(x0, t0) and
by (3.4),
U11 = −2δvw + ∇kuχ1k∇1u < 0
provided w is sufficiently large. Then we can derive from (1.9) that
F 11 ≥ ν0
(
1 +
∑
F ii + F τ
)
.
Therefore, we obtain a bound |∇u(x0, t0)| ≤ Cn2/c0ν0 by (3.14) and (3.3) is proved.

Remark 3.2. We see that in the proof of Theorem 3.1, we do not need the existence
of u.
By (3.2) and (3.3), the C1 estimates are established.
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4. estimate for |ut|
In this section, we derive the estimate for |ut|.
Theorem 4.1. Suppose that (1.3), (1.4), (1.10) and (1.11) hold. Let u ∈ C3(MT )
be an admissible solution of (1.1) in MT . Then there exists a positive constant C
depending on |u|C1(MT ), |u|C2(MT ), |ψ|C2(MT ) and other known data such that
(4.1) sup
MT
|ut| ≤ C(1 + sup
PMT
|ut|).
Proof. We first show that
(4.2) sup
MT
(−ut) ≤ C(1 + sup
PMT
(−ut))
for which we set
W = sup
MT
(−ut)eφ,
where φ is a function to be chosen. We may assume thatW is attained at (x0, t0) ∈
MT −PMT . As in the proof of Theorem 3.1, we choose an orthonormal local frame
e1, · · · , en about x0 such that ∇eiej = 0 and {Uij(x0, t0)} is diagonal. We may
assume −ut(x0, t0) > 0. At (x0, t0) where the function log(−ut) + φ achieves its
maximum, we have
(4.3)
∇iut
ut
+∇iφ = 0, for each i = 1, . . . , n,
(4.4)
utt
ut
+ φt ≥ 0,
and
(4.5) 0 ≥ F ii
{∇iiut
ut
−
(∇iut
ut
)2
+∇iiφ
}
.
Combining (4.3), (4.4) and (4.5), we find
(4.6) 0 ≥ 1
ut
(F ii∇iiut − F τutt)− F ii(∇iφ)2 + Lφ.
By (3.8) and (4.6),
(4.7) Lφ ≤ −ψt
ut
+ F ii(∇iφ)2.
Let φ = δ
2
2 |∇u|2 + δu + b(u − u), where δ ≪ b ≪ 1 are positive constants to be
determined. By straightforward calculations, we see
∇iφ =δ2∇ku∇iku+ δ∇iu+ b∇i(u − u),
φt =δ
2∇ku(∇ku)t + δut + b(u− u)t,
∇iiφ =δ2(∇iku)2 + δ2∇ku∇iiku+ δ∇iiu+ b∇ii(u − u).
It follows that, in view of (3.7) and (3.10),
(4.8)
Lφ ≥ δ2∇ku(F ii∇iiku− F τ (∇ku)t) + δ
2
2
F iiU2ii
+ δF ii∇iiu− δF τut − Cδ2
∑
F ii + bL(u− u)
≥ − Cδ2
(
1 +
∑
F ii
)
+
δ2
2
F iiU2ii + δLu + bL(u− u).
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Next,
(4.9) (∇iφ)2 ≤ Cδ4U2ii + Cb2.
Thus, we can derive from (4.7), (4.8) and (4.9) that
(4.10) bL(u − u) + δ
2
4
F iiU2ii + δLu ≤ −
C
ut
+ Cδ2
(
1 +
∑
F ii
)
+ Cb2
∑
F ii,
when δ is small enough. Now we use the idea of [10] to consider two cases: (i)
|νµ0 − νλ0 | ≥ β and (ii) |νµ0 − νλ0 | < β, where µ0 = µ(x0, t0) and λ0 = λ(x0, t0).
In case (i), by Lemma 2.1, we see that (2.4) holds. By (1.10), we have
(4.11) Lu ≥ F iiUii − F τut − C
∑
F ii ≥ −K0
(∑
F ii + F τ
)
− C
∑
F ii.
Combining with (4.11) and (4.10), we have
(4.12) bL(u − u) ≤ −C
ut
+ Cδ
(
1 +
∑
F ii + F τ
)
+ Cb2
∑
F ii.
Now using (2.4) we can choose δ ≪ b≪ 1 to obtain a bound −ut(x0, t0) ≤ Cbε .
In case (ii), we see that (2.5) holds. By (4.10), we have
(4.13)
bL(u − u)+δ
2
4
F iiU2ii + δ(F
iiUii − F τut)
≤− C
ut
+ Cδ2
(
1 +
∑
F ii
)
+ C(δ + b2)
∑
F ii.
Note that
(4.14)
δ2
4
F iiU2ii ≥ δF ii|Uii| −
∑
F ii
and
(4.15) L(u− u) ≥ 0
by the concavity of F . Therefore, by (4.13), (4.14) and (4.15), we have
(4.16) −δF τut ≤ −C
ut
+ Cδ2 + C
∑
F ii.
By (1.10), similar to [10],
(4.17)
−ut
(∑
F ii + F τ
)
≥ f(−ut1)− f(λ(U),−ut) +
∑
F iiUii − F τut
≥ f(−ut1)− f(λ(U),−ut)−K0
(∑
F ii + F τ
)
≥ 2b0 + ut
(∑
F ii + F τ
)
for some uniform constant b0 > 0, provided −ut is sufficiently large, where 1 =
(1, . . . , 1) ∈ Rn+1. It follows that, by (2.5),
−F τut ≥ −βut√
n+ 1
(∑
F ii + F τ
)
≥ −βut
2
√
n+ 1
(∑
F ii + F τ
)
+
βb0
2
√
n+ 1
.
Choose δ sufficiently small such that
βb0δ
2
√
n+ 1
− Cδ2 ≥ c1 > 0
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for some constant c1. Therefore, we can derive from (4.16) that
−ut(x0, t0) ≤ max
{C√n+ 1
βδ
,
C
c1
}
.
So (4.2) holds.
Similarly, we can show
(4.18) sup
MT
ut ≤ C(1 + sup
PMT
ut)
by setting
W = sup
M¯T
ute
φ
and φ = δ
2
2 |∇u|2 − δu+ b(u− u).
Combining (4.2) and (4.18), we can see that (4.1) holds. 
Since ut = ϕt on SMT and (1.17), we can derive the estimate
(4.19) sup
MT
|ut| ≤ C.
5. Global estimates for second order derivatives
In this section, we derive the global estimates for the second order derivatives.
We prove the following maximum principle.
Theorem 5.1. Let u ∈ C4(MT ) be an admissible solution of (1.1) in MT . Suppose
that (1.3), (1.4) and (1.11) hold. Then
(5.1) sup
MT
|∇2u| ≤ C(1 + sup
PMT
|∇2u|),
where C > 0 depends on |u|C1(MT ), |ut|C0(MT )), |ψ|C2(MT )) and other known data.
Proof. Set
W = max
(x,t)∈MT
max
ξ∈TxM,|ξ|=1
(∇ξξu+ χ(ξ, ξ))eφ,
where φ is a function to be determined. We may assumeW is achieved at (x0, t0) ∈
MT − PMT and ξ0 ∈ Tx0M . Choose a smooth orthonormal local frame e1, . . . , en
about x0 as before such that ξ0 = e1, ∇eiej = 0, and {Uij(x0, t0)} is diagonal. We
see that W = U11(x0, t0)e
φ(x0,t0). We may also assume that U11 ≥ . . . ≥ Unn at
(x0, t0).
Since the function log(U11) + φ attains its maximum at (x0, t0), we have, at
(x0, t0),
(5.2)
∇iU11
U11
+∇iφ = 0 for each i = 1, . . . , n,
(5.3)
(∇11u)t
U11
+ φt ≥ 0,
and
(5.4) 0 ≥
∑
i
F ii
{∇iiU11
U11
−
(∇iU11
U11
)2
+∇iiφ
}
.
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Therefore, by (5.3) and (5.4), we find
(5.5) Lφ ≤ − 1
U11
(F ii∇iiU11 − F τ (∇11u)t) + F ii
(∇iU11
U11
)2
.
By the formula
(5.6)
∇ijklv −∇klijv =Rmljk∇imv +∇iRmljk∇mv +Rmlik∇jmv
+Rmjik∇lmv +Rmjil∇kmv +∇kRmjil∇mv
we have
(5.7) ∇iiU11 ≥ ∇11Uii − CU11,
Differentiating equation (1.1) twice, we have
(5.8)
F ij∇11Uij − F τ∇11ut + F ij,kl∇1Uij∇1Ukl
+F ττ (∇1ut)2 − 2F ij,τ∇1Uij∇1ut = ∇11ψ ≥ −C.
It follows from (5.5), (5.7) and (5.8) that
(5.9) Lφ ≤ C
U11
+ C
∑
F ii + E,
where
E =
1
U11
(
F ij,kl∇1Uij∇1Ukl − 2F ij,τ∇1Uij∇1ut + F ττ (∇1ut)2
)
+ F ii
(∇iU11
U11
)2
.
E can be estimated as in [9] using an idea of Urbas [27] to which the following
inequality proved by Andrews [1] and Gerhardt [7] is crucial.
Lemma 5.2. For any symmetric matrix η = {ηij} we have
F ij,klηijηkl =
∑
i,j
∂2f
∂λi∂λj
ηiiηjj +
∑
i6=j
fi − fj
λi − λj η
2
ij .
The second term on the right hand side is nonpositive if f is concave, and is inter-
preted as a limit if λi = λj.
Similar to [9], we can derive (see [3] also)
(5.10) E ≤
∑
i∈J
F ii(∇iφ)2 + C
∑
i∈K
F ii + CF 11
∑
i∈K
(∇iφ)2,
where J = {i : 3Uii ≤ −U11} and K = {i : 3Uii > −U11}.
Let
φ =
δ|∇u|2
2
+ b(u− u),
where δ and b are positive constants to be determined. Thus, we can derive from
(5.10) that
(5.11) E ≤ Cb2
∑
i∈J
F ii + Cδ2F iiU2ii + C
∑
i∈K
F ii + C(δ2U211 + b
2)F 11.
On the other hand, by (3.7) and (3.10),
(5.12)
Lφ = δF ii
∑
k
(∇iku)2 + δ∇kuF ii∇iiku− δ∇kuF τ (∇ku)t + bL(u − u)
≥ δF iiU2ii + bL(u− u)− Cδ
(
1 +
∑
F ii
)
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Combining (5.9), (5.11) and (5.12), we obtain
(5.13)
δ
2
F iiU2ii + bL(u− u) ≤
C
U11
+ Cb2
∑
i∈J
F ii + Cb2F 11 + C
(
1 +
∑
F ii
)
provided δ is sufficiently small. Note that |Ujj | ≥ 13U11, for j ∈ J . Therefore, by
(5.13), we have
(5.14)
δ
4
F iiU2ii + bL(u − u) ≤ C
(
1 +
∑
F ii
)
when U211 ≥ max{Cb2/δ, 1}.
Now let µ0 = µ(x0, t0) and λ0 = λ(x0, t0). If |λ0 − µ0| ≥ β, we can obtain a
bound of U11(x0, t0) by (2.4) as in [9].
If |λ0 − µ0| < β, we see that (2.5) holds. Let λ̂ = λ(U(x0, t0)). We may assume
|λ̂| ≥ |ut(x0, t0)|. Similar to [10], by the concavity of f ,
(5.15)
|λ̂|
(∑
F ii + F τ
)
≥ f(|λ̂|1)− f(λ(U),−ut) +
∑
F iiUii − F τut
≥ f(|λ̂|1)− f(λ(U ),−ut)− |λ̂|
(∑
F ii + F τ
)
≥ 2b0 − |λ̂|
(∑
F ii + F τ
)
for some uniform positive constant b0, provided |λ̂| is sufficiently large. By (2.5),
(4.15) and (5.14), we see that
(5.16) 2c0|λ̂|2
(∑
F ii + F τ
)
≤ C
(
1 +
∑
F ii
)
,
where
c0 :=
δβ
8
√
n+ 1
.
Then we can derive a bound of |λ̂| from (5.15). 
6. Boundary estimates for second order derivatives
In this section, we consider the estimates of second order derivatives on SMT .
We may assume ϕ ∈ C4(MT ). For simplicity we shall make use of the condition
(1.12) though stronger results may be proved (see [9], [10] and [12]).
The pure tangential second derivatives are easy to estimate from the boundary
condition u = ϕ on PMT . So we are focused on the estimates for mixed tangential-
normal and pure normal second derivatives.
Fix a point (x0, t0) ∈ SMT . We shall choose smooth orthonormal local frames
e1, . . . , en around x0 such that when restricted to ∂M , en is normal to ∂M .
Let ρ(x) and d(x) denote the distance from x ∈ M to x0 and ∂M respectively
and set
M δT = {X = (x, t) ∈M × (0, T ] : ρ(x) < δ}.
We shall use the following barrier function as in [9].
(6.1) Ψ = A1v +A2ρ
2 −A3
∑
γ<n
|∇γ(u− ϕ)|2,
where
v = (u− u) + ad− Nd
2
2
.
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Now we show the following lemma which is useful to construct barrier functions
(see Lemma 6.2).
Lemma 6.1. Suppose (1.4) and (1.12) hold. Then for any σ > 0 and any index r,
(6.2)
∑
fi|λ̂i| ≤ σ
∑
i6=r
fiλ̂
2
i +
C
σ
(∑
fi + F
τ
)
+ C
Proof. If λ̂r < 0, by (1.12), we see∑
fi|λ̂i| =2
∑
λ̂i>0
fiλ̂i −
∑
fiλ̂i + F
τut − F τut
≤σ
∑
λ̂i>0
fiλ̂
2
i +
1
σ
∑
λ̂i>0
fi +K0
(
1 +
∑
fi + F
τ
)
+ CF τ
and (6.2) follows.
If λ̂r ≥ 0, by the concavity of f ,∑
fi|λ̂i| =
∑
fiλ̂i − 2
∑
λ̂i<0
fiλ̂i
≤ σ
∑
λ̂i<0
fiλ̂
2
i +
1
σ
∑
λ̂i<0
fi +
∑
fiµ̂i − F τ (u− u)t
≤ σ
∑
λ̂i<0
fiλ̂
2
i +
1
σ
∑
λ̂i<0
fi + C
(∑
fi + F
τ
)
.
Then (6.2) is proved. 
The following Lemma is crucial to our estimates and the idea is mainly from [10]
and [11] (see [13] also).
Lemma 6.2. Suppose that (1.3), (1.4) and (1.11) hold. Then for any constant K >
0, there exist uniform positive constants a, δ sufficiently small, and A1, A2, A3, N
sufficiently large such that Ψ ≥ K(d+ ρ2) in M δT and
(6.3) LΨ ≤ −K
(
1 +
n∑
i=1
fi|λ̂i|+
n∑
i=1
fi + F
τ
)
in M δT .
Proof. For any fixed (x, t) ∈M δT , we may assume that Uij and F ij are both diagonal
at (x, t). Firstly, we have (see [9] for details),
(6.4) L(∇k(u − ϕ)) ≤C
(
1 +
∑
fi|λ̂i|+
∑
fi + F
τ
)
, ∀ 1 ≤ k ≤ n.
Therefore,
(6.5)
∑
l<n
L(|∇l(u− ϕ)|2) ≥
∑
l<n
F ijUilUjl − C
(
1 +
∑
fi|λ̂i|+
∑
fi + F
τ
)
.
Using the same proof of Proposition 2.19 in [9], we can show
(6.6)
∑
l<n
F ijUilUjl ≥ 1
2
∑
i6=r
fiλ̂
2
i ,
for some index r. Write µ = µ(x, t) and λ = λ(x, t) and note that µ = (µ̂,−ut) and
λ = (λ̂,−ut), where µ̂ = λ(U ).
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We shall consider two cases as before: (a) |νµ − νλ| < β and (b) |νµ − νλ| ≥ β.
Case (a). By (2.5), we have
(6.7) fi ≥ β√
n+ 1
(∑
fk + F
τ
)
, ∀ 1 ≤ i ≤ n.
Now we make a little modification of the proof of Lemma 3.1 in [10] to show the
following inequality
(6.8)
∑
i6=r
fiλ̂
2
i ≥ c0
∑
fiλ̂
2
i − C0
(∑
fi + F
τ
)
for some c0, C0 > 0. If λ̂r < 0, we have
(6.9) λ̂2r ≤ n
∑
i6=r
λ̂2i + C,
where C depends on the bound of ut since∑
λ̂i − ut > 0.
Therefore, by (6.7) and (6.9), we have
(6.10) frλ̂
2
r ≤ nfr
∑
i6=r
λ̂2i + Cfr ≤
n
√
n+ 1
β
∑
i6=r
fiλ̂
2
i + C
∑
fi
and (6.8) holds.
Now suppose λ̂r ≥ 0. By the concavity of f ,
(6.11) frλ̂r ≤ frµ̂r − F τ (ut − ut) +
∑
i6=r
fi(µ̂i − λ̂i).
Thus, by (6.7) and Schwarz inequality, we have
(6.12)
βfrλ̂
2
r√
n+ 1
(∑
fi + F
τ
)
≤ f2r λ̂2r ≤ C
(
f2r µ̂
2
r +
∑
k 6=r
fk
∑
i6=r
fi(µ̂
2
i + λ̂
2
i ) + (F
τ )2
)
≤C
(∑
fi + F
τ
){(∑
fi + F
τ
)
+
∑
i6=r
fiλ̂
2
i
}
,
where C may depend on the bound of |ut|. It follows that
(6.13) frλ̂
2
r ≤ C
∑
i6=r
fiλ̂
2
i + C
(∑
fi + F
τ
)
and (6.8) holds.
We first suppose |λ| ≥ R for R sufficiently large. By (5.15), we see
(6.14)
∑
fiλ̂
2
i ≥ b0|λ̂|
when R is sufficiently large. Since |∇d| ≡ 1, when a and δ are sufficiently small, by
(6.7), we have,
(6.15)
Lv ≤
(
L(u − u) + C0(a+Nd)
∑
fi −NF ij∇id∇jd
)
≤ − βN
2
√
n+ 1
(∑
fk + F
τ
)
.
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Note that for any σ > 0,
(6.16)
∑
fi|λ̂i| ≤ σ
∑
fiλ̂
2
i +
1
σ
∑
fi.
Therefore, it follows from (6.8), (6.15) and (6.16) that for any σ > 0,
(6.17)
LΨ ≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
+ CA2
∑
fi
− A3
2
∑
i6=r
fiλ̂
2
i + CA3
(
1 +
∑
fi|λ̂i|+
∑
fi + F
τ
)
≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
− A3c0
2
∑
fiλ̂
2
i + CA2
∑
fi
+ CA3
(
1 +
∑
fi|λ̂i|+
∑
fi + F
τ
)
≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
+
(
A3σ − A3c0
2
)∑
fiλ̂
2
i
+ C
(
A2 +
A3
σ
)∑
fi + CA3
(
1 + F τ
)
.
Let σ = c0/4, we find
(6.18)
LΨ ≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
− A3c0
4
∑
fiλ̂
2
i
+ C(A2 +A3)
(∑
fi + F
τ
)
+ CA3
≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
− A3c0b0
8
|λ̂| −A3
∑
fi|λ̂i|
+ C(A2 +A3)
(∑
fi + F
τ
)
+ CA3
≤ − βA1N
2
√
n+ 1
(∑
fk + F
τ
)
−A3
(
1 +
∑
fi|λ̂i|
)
+ C(A2 +A3)
(∑
fi + F
τ
)
by choosing R ≥ 8C/c0b0 + 1.
If |λ̂| ≤ R, by (1.3) and (1.5), we have
c1I ≤ {F ij} ≤ C1, c1 ≤ F τ ≤ C1
for some uniform positive constants c1, C1 which may depend on R. Therefore, we
have
(6.19) LΨ ≤ C(−A1 +A2 +A3)
(
1 +
∑
fi +
∑
fi|λ̂i|+ F τ
)
where C depends on c1 and C1.
Case (b). By Lemma 2.1, we may fix a and δ sufficiently small such that v ≥ 0
in M δT and
(6.20) Lv ≤ −ε
2
(
1 +
∑
fi + F
τ
)
in M δT .
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Thus, by Lemma 6.1, we have
(6.21)
LΨ ≤ − εA1
2
(
1 +
∑
fi + F
τ
)
+ CA2
∑
fi − A3
2
∑
i6=r
fiλ̂
2
i
+ CA3
(
1 +
∑
fi +
∑
fi|λ̂i|
)
≤
(
− εA1
2
+ CA2 + CA3
)(
1 +
∑
fi + F
τ
)
− A3
4
∑
i6=r
fiλ̂
2
i
≤
(
− εA1
2
+ CA2 + CA3
)(
1 +
∑
fi + F
τ
)
−A3
∑
fi|λ̂i|.
Checking (6.18), (6.19) and (6.21), we can choose A1 ≫ A2 ≫ A3 ≫ 1 such that
(6.3) holds and Ψ ≥ K(d+ ρ2) in M δT . Therefore, Lemma 6.2 is proved. 
The estimates for mixed tangential-normal second derivatives can be established
immediately using Ψ as a barrier function by (6.4) and the maximum principle (see
[3]).
The pure normal second derivatives can be derived as [9] using an idea of
Trudinger [24]. The reader is referred to [3] for details.
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